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with Trend 


Peng Liu*^ and Lanpeng Ji*^ 

July 20, 2016 

Abstract: Chi-square processes with trend appear naturally as limiting processes in various statistical 
models. In this paper we are concerned with the exact tail asymptotics of the supremum taken over (0,1) 
of a class of locally stationary chi-square processes with particular admissible trends. An important tool for 
establishing our results is a weak version of Slepian’s lemma for chi-square processes. Some special cases 
including squared Brownian bridge and Bessel process are discussed. 
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1 Introduction 

Let Gn{t),t S (0,1) be the empirical distribution of n independent random variables with uniform distribu¬ 
tion on (0,1) and define the following test statistic 

Ln,E ■= sup (nK{Gnit),t) - , E = (0,1), 

where K{s,t) = s In | -|- (1 — s) In and gv{t),t > 0, i/ > 0 is a trend function defined by 

gv{t) = c{t)vhv{l + c(t) = ln(l — ln(4t(l — t))), t£E. 

Referring to Theorem 3.2 in [T3] we have for any v > 3/4 

‘^Ke := sup(x^(t) - 2g,,(t)'), n^oo (1) 

holds, where x(t) = Bit) j^t{\ — t) is the normalized standard Brownian bridge. Furthermore, as shown 

in Theorem 3.4 in [13], the convergence to also holds for another important test statistic. Note that as 

discussed therein < oo almost surely (a.s.) for any > 3/4. 
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The supremum type test statistics appear naturally in different contexts in statistical problems; see also the 
recent contributions [u 0 m m. In statistical applications, of interest is to determine the critical values 
of the test statistics, which is usually difficult since the distribution of the statistics is unknown. It is thus 
important to obtain approximation of them based on the tail asymptotic behavior of the limit of the statistic. 
For example, in our context it is of interest to know the asymptotic behavior of P > u) as u —>■ oo for 
any > 3/4. 

Note that is the supremum of a simple chi-square process (with 1-degree of freedom) with trend. Numer¬ 
ous contributions have been devoted to the study of the tail asymptotics of the supremum of chi or chi-square 
processes; see e.g., [H EB EH EH EH [34] and the references therein. So far in the literature there are no 
results available which can be used for the derivation of the tail behavior of since it is a supremum taken 
over an open interval of a (non-Gaussian) chi-square process with trend. Given this significant gap and the 
fact that chi-square process with trend appears naturally in numerous statistical problems and applications, 
in this paper we shall focus on the tail asymptotics of the supremum (taken over an open interval) of a large 
class of chi-square processes with trend. More precisely, define 

n 

Xb{t) fe(0,oo), (2) 

i=l 

where 

I = bi = ■ ■ ■ = bk > bk+i > ■■■ >bn> 0 


and Xi’s are independent copies of a centered Gaussian process X with a.s. continuous sample paths. We 
are interested in the asymptotics of 

P (3) 

as u —>■ cx), for certain Gaussian processes X and nonnegative continuous trend functions g{-). Restrictions 
on X and g{-) will be specified to first ensure that 


sup 

tGE 


(xlit)-g(t)^ 


< 00 , 


a.s. 


(4) 


holds. 

In the special case that n = 1 and X is the normalized standard Brownian bridge, then xi = X, the same 
as X appearing in dB), is a locally stationary Gaussian process in the notion of niin]. Precisely, 

hm + ^ c(t) 

h^O \h\ 

holds uniformly in t G I, any compact interval in (0,1), where C{t) = satisfying (7(0) = (7(1) = oo. 

Motivated by this fact in this paper we shall consider a large class of centered locally stationary Gaussian 
processes {X(t),t G (0,1)} with a.s. continuous sample paths, unit variance and correlation function r(-,-) 
such that 


l-r{t,t + h) 
K^{\h\) 


Cit) 


(5) 
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uniformly in f S /, any compact interval in (0,1), where K(-) is a positive regularly varying function at 0 
with index a/2 G (0,1], and C'(-) is a positive continuous function satisfying C(0) = oo or C(l) = oo. 

It is noted that condition ([5|) for the correlation function of X seems natural and is satisfied by many other 
interesting Gaussian processes. For instance, let > 0} be the standard fractional Brownian motion 

(fBm) with Hurst index H G (0,1) and covariance function given by 

Cov(H/f(s),H^(t)) = -\t- s,t>0. 


We can show that the normalized fBm ,t G (0, oo)} is a locally stationary Gaussian process. In 

fact, the correlation of the normalized fBm satisfies 


lim 

/i-s-O 


1 _ Corr 


(«+G^ ) 


1 


( 6 ) 


uniformly in t, for any compact interval in (0,oo). 

In order to derive the asymptotics of ([3|) for £1 = (0,1), we need to impose several other conditions on g{-) 
and on the locally stationary Gaussian process X; see Section 2. One natural restriction on g{-) is to ensure 
that it satisfies functions g{-) satisfying Q are thus called admissible functions. Theorem 12.31 below 
shows that the admissibility of functions g{-) is related to a generalized Kolmogorov-Dvoretsky-Erdds integral 
test (or the law of iterated logarithm) of the corresponding processes; see also Appendix. For instance, as 
discussed in Corollarv l2.6l below 2g„(-) in ® is admissible if and only if i/ > 3/4; see also [T3]. In addition, as 
an application of our main result given in Theorem 12.41 we obtain the asymptotics of P {L’f. > m) as m —>■ oo 
for any z/ > 3/4. Other examples related to the fBm and the Bessel process are also discussed. 

Organization of the rest of the paper: In Section 2 we present our main results which are illustrated by 
several examples. Further results are discussed in Section 3 for the case where the Gaussian processes Xfs 
are not identically distributed. All the proofs are relegated to Section 4, whereas some technical results are 
postponed to Appendix. 


2 Main Results 

We begin with some preliminary notation. We shall use the standard notation for asymptotic equivalence of 
two functions /(•) and h{-). That is, for any xq G RU{oo}, write f{x) = /i(x)(I + o(l)) or simply f{x) ~ h{x), 
if lim 2 ;^xo f{.x)/h(x) = I, and write f(x) = o{h(x)), if lima;_>a;Q f{x)/h{x) = 0. Denote by F(-) the Euler 
Gamma function. Further, denote by ^(•) the generalized inverse function of K{-), and set q{u) = 
for any u > 0. Additionally, write Ha, cx € (0, 2] for the Pickands constant; see [SI [3 HI ISl UHl HIl (HI 123 HZ] 
for its definition and generalizations. 

Our first result is concerned with the asymptotics of (|3|) for the case that E is any compact sub-interval in 
(0,1). The trend function appears in the asymptotics indirectly through the following constant 

dt < oo. 

JteE 


(7) 
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Theorem 2.1. Let {X[t),t € E}, with E a compact interval in (0,1), he a centered locally stationary 
Gaussian process with a.s. continuous sample paths, unit variance and correlation function r(-, •) that satisfies 
and r{s,t) < 1, s ^ t G E. Then, for any nonnegative continuous trend function g{-) we have 


\tGE 

asu^oo, where Gb = I\7=k+i 

m <l). 


P ^sup (xb (0 - 5(0) >u\ ^ UaCbJ^ 




q[u) 


( 8 ) 


(1 — and q{u) = ^{u (with the convention = 1 if 


Remark 2.2. a) We see from Theorem \2.1\ that if X is stationary and g[t) = 0 the above result coincides 
with that derived in \26\/ . In 129}/ the authors obtained the tail asymptotics of the supremum of a class of 
Gaussian random fields with trend indexed on smooth manifolds. It is worth noting that in Theorem \2.1\ 
above the trend function g{-) contributes to the asymptotics through J|,, which is quite different from that in 
the aforementioned paper. 

b) Glearly, if X is well-defined on (0,1] (e.g., the normalized fBm, see then under the assumptions of 
Theorem \2.1\ we have ([8]) holds for any E = [a, 1] with a € (0,1). In fact, the set E in the above theorem 
can be any compact interval in R provided that everything is well-defined on it. 

Our main targets below are to find out under which conditions (|3]) holds and in such a case to establish (|S]) 
by passing from the compact interval E to (0,1). Of course, conditions should be imposed on the local 
structures of the process X and g{-) at 0 and 1, separately. According to the proof of Theorem 15.11 in the 
Appendix (see (|35ll and (l40l) l. we believe that, under some mild conditions, the sufficient and necessary 
condition for (g]) to hold is given as 

rS 


ris) := 


0/2 




2 dt 


< oo, S € {0,1}. 


(9) 


Furthermore, under these conditions we show that holds with E = (0,1). Moreover, note that if 
J,%iCit)fi/^dt < oo, then ([5|) holds for all g{-) satisfying Unites 9(t) = oo. It turns out that in this 
simpler case the conditions imposed on the correlation function of X and the proof of main results can be 
significantly simplified. Thus, to simplify argumentation, different scenarios will be discussed according to 
whether fJ'^^(C(s))^^°'ds < oo and whether J^^.^{C{s)Y^°'ds = oo, and different additional assumptions are 
needed accordingly. For this purpose of crucial importance is the following function 


/(t) = r (c(s))i/“ds, tG(o,i). 

Jl/2 




We denote by f (t),t G (/(0),/(l)) the inverse function of f(f),t G (0,1). Further, for any d > 0, let 
J G N U {0} if /(I) = oo, and let s^°l = ^{-jd), j G N U {0} if /(O) = -oo. Denote 
^ ^ N j G N, which give a partition of [1/2,1) in the case 

/(I) = oo and a partition of (0,1/2] in the case /(O) = —oo, respectively. 

In addition to the local stationarity of A in (l5|), we need to impose the following (scenario-dependent) 
restrictions on the trend g{-) and the correlation function r(-, •). Let therefore S G {0,1}. 
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Condition A{S): The trend function g{-) is monotone in a neighborhood of S and limt^g g{t) = oo. 
Condition B(S'): Suppose that there exists some constant do > 0 such that 

1 — vit s) 

limsup sup TrTTTTTT—^TT^ < oo, 

^ J.<io 

and when a = 2 and fc = 1, assume further 

K^(\t\) = 0(t^), t-^0. 

Condition C(S): With Ig(S) defined in ([5|) it holds that 

Ig(S} < oo. 


( 10 ) 


( 11 ) 


Condition 0(5”): The following is satisfied 

lim sup sup 


l-r(|S'-t|,|S'-s|) 


< oo. 


Condition £(5): Suppose that there exists some constant dg > 0 such that 

1 - r(t,s) 


liminf inf n \\\ 

K - /(s)|) 


> 0. 


Moreover, there exist joj G Nj Alg, /3 > 0, such that for j > jo, I > Iq, 


Let 


sup 


sGA 


(S) 




(S) 

3,dQ 


\r{s,t)\ < Mol-^. 


( 12 ) 


£(0) = (0,1/2] and £■(!) = [1/2,1). 


The following result is concerned about the almost surely finiteness of the random variable sup^g^^g) (x&(0 ~ s(0) ■ 


Theorem 2.3. Let € E} be given as in Theorem \2. 1\ with E = (0,1). If |/(>5')| < oo and conditions 

A(S), D(S) are satisfied, then 

P( sup (x|(t)- 5 (t)) < oo ) = 1. 

\tGSiS) J 

//|/(5')| = oo and conditions A(S), B(S) and E(S) are satisfied, then 


sup {xlit)-9{t)) < oo 

.ie£(S) , 


= 1 


or 0 


as the integral Ig{S) < oo or = oo. 


The technical proof of Theorem 12.31 is presented in the Appendix. 
Next, we present our principle result. 


Theorem 2.4. Let {X{t),t G E} be given as in Theorem [KT\ with E = fO. If. Then for each of the following 
scenarios we have that (l8|) holds for E = (0,1). 

(i). /(O) = —oo,/(l) = oo, and conditions A(0), B(0), C(0), A(l), B(l), C(l) are satisfied; 

(a). /(O) = —oo,/(l) < oo, and conditions A(0), B(0), C(0), D(l) are satisfied; 

(Hi). /(O) > —oo,/(l) = oo, and conditions D(0), A(l), B(l), C(l) are satisfied; 

(iv). /(O) > —oo,/(l) < oo, and conditions D(0), D(l) are satisfied. 
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Remark 2.5. Note that Theorem \2.4\ can be easily extended to the case where E := (0, T), with T G (0, cw], by 
using a time-scaling. More precisely, suppose that the process X and the trend function g[-) are well-defined 
on E. IfT is finite, we consider Y{t) = X{Tt),t € (0,1); if T = oo, we consider Z{t) = X{h{t)),t € (0,1), 
where h{t),t G (0,1) is a monotone function with h(t) = oo and h(t) = 0. For example, 


h[t) 


l/t, 0<t<l/2, 
4(1-i), l/2<t<l. 


Under analogue conditions as in Theorem \2.4\ on the processes Y or Z, we can obtain a similar result as in 
([5]) for these two cases. 


As an application of Theorem l2.3l and Theorem l2.41 we obtain the following result concerning the supremum 
of the squared chi-square normalized standard Brownian bridge with trend, Lf. defined in ©■ 


Corollary 2.6. Let Lf. be defined in ([T]) with E = (0,1). We have: 
If V > 3/4, then, as u ^ oo 


'(L'^eFu) 


y/u( 


-u/2 


Jo i(l - t) 




If If 3/4, then 


P = oo) = 1. 


Given wide applications of fBm in various fields, we give below a result concerning the tail asymptotics of 
the squared normalized fBm with trend. 

Corollary 2.7. Let {Xi{t),t > 0},i < n in ^ be independent copies of {B}i{t)/t^,t > 0}, with H G (0,1), 
and let g{-) be a nonnegative continuous function on (0,1] such that g{t) f oo as t ^ 0. We have: 

If Jo < oo, then. 


as u ^ oo 


P sup 

V*6(0.1] 


f xlit) 

[ t^H 


- git )) > u - n2H n 




2\-1/2 U2 + 2K le 1 _eW , 

' —r 5 - / -e 2 dt- 

2t+275-ir(fc/2) Jo t 


If Jo = oo, then 

Let Wn (t) = {Wi (t) , W 2 (t), • • • , Wn (t) ) , t > 0, n > 1 be the standard n-dimensional Brownian motion, and 
let ||W^n(t)|| := \/Sr=i ^Ht)j t > 0 be the Bessel process of order n. As a special case of Corollary 12.71 we 
have the following result. 

Corollary 2.8. Let g{-) be a nonnegative continuous function on (0,1] such that g{t) f 00 as t —> 0. We 
have: 

If In T(g(t))^''^^~^(tt < 00 , then, as u —>■ 00 


P sup 
\te(o.i] 


t 


-git) > u 


2-n/2yn/2g-«/2 F 1 _ 


r(n/2) 


e 2 dt\ 


(13) 
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If /p dt = CO, then 


P 


sup 

\ie(o,i] 


\Wnm 



= 1 . 


(14) 


Remark 2.9. It can be shown that the classical law of interacted logarithm for Bessel process follows from 
Corollary 2.8. In fact, define 


5 p(<) = 2 lnln(e^/t) + 2plnliiln(e^/t), tG (0,1]. 


It follows that 


-(5pW) 


V2„- 


9p(t) 


C 


t ln(l/l) (In ln(l/ 


as t ^ 0, with C some positive constant. Elementary calculations show that —g '’2 dt < 00 holds 


if and only if p > 1 + n/2. Then, by Corollarv \2.8\ one can show that, for any p > 1 + n/2 


1^0 ( 9 ,(() “ 


and for any 0 < p < 1 + n/2 


lim sup 

t —^0 


WnjtW 

tgp{t) 


> 1. 


Consequently, we arrive at the classical law of interacted logarithm as follows: 


lim sup 

t —^0 


WWnjtW 

2t In ln(l/i) 


= 1 . 


3 Further Results and Discussions 


In this section, we discuss an extension of dSl) to the case where Xfs are not identically distributed. Namely, 
we assume that Xi, 1 < i < n are independent locally stationary Gaussian processes on (0,1) with a.s. 
continuous sample paths, unit variance and correlation functions ri(-, •) satisfying for any 1 < i < k(< n), 


l-ri{t,t + h) 

hm- „ - 

h^o K^{\h\) 


a{t), 


(15) 


and, for any k + 1 < i < n, 


l-r,{t,t + h) 

hm -- = Ct{t) 

h^o Kf{h) 


(16) 


hold uniformly in t G I, any compact interval in (0,1), where K{-) and Ki{-),k + 1 < i < n are regularly 
varying functions at 0 with index 0 < q:/ 2 < afc+i/2 < • • • < an/2 < 1 respectively, and Ci{-),1 < i < n are 
positive continuous functions over (0,1) satisfying (7^(0) = 00 or Ci{l) = 00 . 

For simplicity we shall assume b ~ 1 = (1,1,-- - ,1) G R", and consider the asymptotics of 


P (sup(xiW -ffW) 


> u 


as u ^ 00 , for certain admissible functions g(-) and E either (0,1) or a compact interval in (0,1). 
First, we present the result with E being a compact interval in (0,1). Recall that q[u) = lx(u“^/^). 










Theorem 3.1. Let Xi, 1 < i < n be defined as above with correlation functions satisfying (HU and (USD. 
If further max{ri(s, <), 1 < i < n} < 1 holds for all s t £ E, a compact interval of (0,1), then for any 
nonnegative continuous trend function gf) we have, as u ^ oo 


P 


(sup 

\teE 


(xiW -5W) 



~ (27r)-"/2-Ha 


n/2-lg-u/2 

q{u) 



where 6 = { 02 , ■■ ■ ,0n) and De = 


\e,) + Y,c,{t)sm\e,) n 

i=2 i=i+l 


E X [—7r,7r] X [—7r/2,7r/2]’' 



(17) 

1/a 

n 

]^(cos(0i))*“^e““^ dtdO, 

i=3 


Next, we consider the case E = (0,1). Similarly as in Section 2, we introduce a crucial function 

r{t)= f c*is)ds, tG(o,i), 

Jl/2 

with C*{t) = niax{C'j^'^“(t), 1 < i < {t),k + 1 < i < n},t G (0,1). We denote by f*{t),t G 

(/*(0), /*(!)) the inverse function of f*{t), t G (0,1). Further, for any d > 0, let s/j = y*{jd), j G N U {0} 
if /*(1) = oo, and let s/] = T*{-jd), j G NU {0} if /*(0) = -oo. Denote a/] = s/]], j G N and 

a/J = [s/j, sj'i/ G N, which give a partition of [1/2,1) in the case /*(!) = oo and a partition of (0,1/2] 
in the case /*(0) = —oo, respectively. 

Let S G {0,1}. Additionally to condition A(S') and analogously to conditions 6(5*), 0(5), D(5) we 
impose the following (scenario-dependent) restrictions on the trend function g{-) and the correlation functions 
a(-,-)’s. 

Condition B’(5): Suppose that there exists some constant do > 0 such that 


lim sup sup 


1 - ri{t,s) 

Kmnt)-ns)\) 


< oo. 


\/l < i < n. 


Condition C’(5): It holds that 


/ 


«/^N(5(t))= \-sM- 


/2 9(ff(t)) 


e ^ dt 


Condition D’(5): The following is satisfied 

l-ri(|5-t|,|5-s|) 


lim sup sup 


S^ot^s) Kmf*{\S-t\)-f*i\S-s\ 
We present below the main result of this section. 


< oo. 


< oo, VI < i < n. 


Theorem 3.2. Let Xi, 1 < i < n be given as in Theorem \3.1l Then, for each of the following scenarios we 
have that (fTTl) holds for E = (0,1). 

(i) . /*(0) = —oo,/*(l) = oo, and conditions A(0), B’(0), C’(0), A(l), B’(l), C’(l) are satisfied; 

(ii) . /*(0) = —oo,/*(l) < oo, and conditions A(0), B’(0), C’(0), D’(l) are satisfied; 

(Hi). /*(0) > —oo,/*(l) = oo, and conditions D’(0), A(l), B’(l), C’(l) are satisfied; 

(iv). /*(0) > —oo,/*(l) < oo, and conditions D’(0), D’(l) are satisfied. 
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Remark 3.3. The problem becomes more dijficult when b ^ 1; the dijficulty comes from the fact that the 
expansion of the correlation function ofYi,{t,6) as in iltA) is too complicated. 

As a direct application of Theorem l3.21 we obtain the following result concerning the tail asymptotics of the 
supremum of a chi-square process with trend. 


Corollary 3.4. Let {B{t),t G [0,1]} be the standard Brownian bridge, {W{f),t G [0,1]} be the standard 
Brownian motion, and {Bfj{t),t G [0,1]} be the standard fBm with Hurst index H G (1/2,1). Fur¬ 
ther, let g(-) be a nonnegative continuous function on (0,1). If g{') satisfies A(S') with S G {0,1} and 
fo t(i-t) (ff ^ then, as u —>■ oo 


P [ sup 
\ie(o,i) 


f BHt) 

\t{l-t) 


WHt) Blit) 

t t^H 




u3/2g m/2 2 — t S(t) 

- }= — / -rC 2 dt 

3v^ Jo til - t) 


4 Proofs 

For notational simplicity we denote (fiu) = nr=fe-i-i ~ ^i) (g(u))“^u^/^“^e““/^ (recall qiu) = [^(u“^/^)). 

In what follows, we use C,Ci,C 2 , • • ■ to denote unspecified positive and finite constants which may not be 
the same from line to line. 

Proof of Theorem 12.11 Using the classical approach when dealing with extremes of chi-square processes 
we reduce the problem to the study of extremes of Gaussian random fields; see e.g., [IllllZj- To this end, we 
introduce two particular Gaussian random fields, namely (denote D = De = E x [—7r,7r] x [—7r/2,7r/2]"“^) 


Ybit,e) = y^^biXiit)viie), 


(18) 


2=1 


Yr\t,e) = J2hXl^\t)v,ie), it,9) = it,92r-- ,9r,)GD, 


where xl^\t) = -^^=, t G E, andu„(0) = sin(0„), u„_i(0) = sin(6»„_i) cos(0„),- • • ,ui(0) = cos(0„) • • •cos(02) 
are spherical coordinates. In view of m, for any u > 0 

P (sup(x^(t)- 5 (t)) > = P [ sup Yll"\t,e) > . 

\teE / \{t,e)eD ) 

Let A = E X [—7r,7r] x [—7r/2,7r/2]^'“^ and B^ = [—to(u), m(u)]”“^ with m(u) = hiiu)/^/u. For any u > 0 
7r('u) < P ( sup Y^^\t,6) > I < 7r(u) -I- P ( sup Y^'^\t,9) > ^/u\ , 

\{t,e)eD ) \{t,e)eD\{AxB,,) j 


where 


7r(u) := P sup Yl^\t,9) > -/u . 

\{t,e)eAxB^, j 


(u) 

Since the variance function of Yf satisfies for u > 0 


E 


{Yt\t,9))' 


u-hgit) 


1 - (1 - bl) sin^i^n) - ) n sin2(6l,) 
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for all u large we have 


sup (E {(Yh{t, 0))^))^'^^ <(!-(!- b\) sin^(m(u)))^^^ < 1 - Crn?{u). 
{t.e)eD\{AxB^) 

Further, it can be shown from ([5|) that 

E(^(n(i,e)-n(s,0'))') <Ci|(t,0)-(s,0')r/2, {t,e),{s,e')eD. 

Consequently, the Piterbarg inequality (see e.g., Theorem 8.1 in [55] or [^) implies 


vl/2 


sup 

Jt,e)eD\{AxB^) 




sup Yb{t, 6) > y/u 
qt,0)er>\(AxB„) ) 


< C 2 M “ 4'(v^/(l — C3m^(M))) 

= o(7r(u)), u -A- 00 , 

where the last equality is based on the following lower bound 

tt{u) > ¥ • • • ,0) > = '^{y/u + giS)){l + 0(1)), 00 . 

Consequently, 

p( sup Y^'^\t,9) >-Ju\ = 7r(w)(l + 0 ( 1 )), M —>■ 00 . 

\{t.e)€D J 

To complete the proof, it is thus sufficient to focus on the asymptotics of 'k{u) as m —>■ 00 . Next, we split 
the rectangles A and A = E x [—tt + — (5i] x [—7r/2 + Ji,7r/2 — with (5i G (0,7r/2), into several 

subrectangles denoted by {AjjjgXi and {Aj}jgX 2 respectively. Further, let L and L represent their maximum 
length of edges of these subrectangles, respectively. It follows from Bonferroni’s inequality that 


jeT: 
where 


^ P ( sup {t, 0) > ) - A(n) < TTiu) < ^ P ( 

/eT2 \it,e)eA^xB„ / ^gXi 


sup Y^^^ (t, 9) > y/u 
e)GAjXB^ J 


I* ( 

j<jiGT2 \it,0)GAjXB. 


sup Y^'^\t,9) > y/u, sup Y^'^\t,9) > y/u] . 


(t,0)eAj^ xBu 


For any fixed j, we have 


sup Y^'^\t,9) > y/u] < 


\{t,e)GAjxB 

where gj := miiitg^ioAj 9{t) and h is a projection function defined by 

h{xi,--- ,Xk) = xi. 


sup Yb{t,9) > y/u + gj 
{t,e)&AjXBu , 


(E(^{Yb{t,9)f)y^^ = 1- (1 + 0(1)), 0.^0, k + l<i<n 


1 - 6 ? 




Further, 
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and 


fc—1 ^ / fc 


Corr(y 5 (i, 0 ),n(s,e')) = 1 - C{to)K\\t - s\){l + o{l))( H 0; (0. - <)'(1 + o(l)) 


i=2 \;=i+l 


bf 




(19) 


i—k 


a.s t, s ^ to,\9i — 9^\ ^ 0,2 < i < k,6i ^ 0, k + 1 < i < n. Next we introduce some useful notation. Let 
Oi = {9i, ■ ■ ■ ,9k),2 < i < k, and hi,2 < i < k denote projection functions defined by 

hi{xi, ■■■ ,Xk) = {xi, ■■■ , Xk), 2<i<k. 

For any 0 < e < 1, there exist uo > 0 and Lq > 0 such that for all u > uo and 0 < L < Lq (recall that L is 
the maximum length of the edges of subrectangles 

P ( sup Yb{t, 9) > + gj ) < P ( sup Z^{t, 9) > ) 

\{t,e)eAjxB,^ I \(t,e)GAjxBu ) 


holds for all j € Ti, where Z^{t,9) = 


Z^(t,0) 


i+(i-OE"=.+i^ 


3 p 2 — and Z,:(t,9) is a stationary Gaussian process 


with unit variance and correlation function rz^{t,9) satisfying 

it, 0) = 1 - (1 + e)C,K^i\t\)il + 0(1)) - ^ ^^9^1 + o(l)) - (1 + e) E f + «(!)) 


2=2 




as {t, 9) -A 0, with Cj = maxtg?,oAj Cit), Ckj = 1 and = max 0 ._^^(zhi+ioAj H/Li+i ^08^(0;), 2<i<k-l. 
The existence of such correlation function can be confirmed by the Assertion on page 265 in m , see 
also the reference mentioned therein. Therefore, by using similar arguments as in Theorem 3.2 in [14] (see 
also Theorem 8.2 in m) we can show that 


lim 


' (sup(t^e)g^.^B^ Z^it,9) > y/u+Yj 
ifiu) 


= a(e)(27r) = ]^(ei_j)^/^mes(Aj), (20) 


where a(e) —>■ 1 as e —0. Consequently 


lim lim lim sup < (27r) [ (C'(t))^/“e °2 ’TT(cos0A* ^dtd92---d9k 

e^OL^o Yu) J(t,e2)eA 


2l-k/2 


( 21 ) 


Similarly, with L the maximum length of the edges of the subrectangles {Aj}j^Xi we have 

Eexs P (suP(t,e)6l.xs„ ^) > v^) 2i-^'/2 


lim lim Um lim inf ■ 

(5i—)-0 e—>-0 u^oc 


Yu) 


> 


r(/fc/2)^“'^^- 


(22) 


We consider next the asymptotic of A{u) := Ai(u) + A 2 (it) (to be specified later). For m > 0 we have 


Y{u) := 


sup (t, 9) > Yu, sup YY’ [t, 9) > Yu 

dt.0)eAjxBi, (i,e)eTjjXBu / 


r(u) 


Aj n Ai =0 
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E 

n 


sup 

^{t,s,e.e')^Aj xAj^ xBuXB, 


(Yh{t,e) + Yh{s,e')'^>2^ 


Further, there exists some Sg € (0,4) such that, for all Aj p| Aj^ = 


E 


^ (Xb{t, 6) Yb{s, 9 ^ ^ 4 — So, (t, 9, s, 9 ) G Aj x x Aj^ x 


B„ 


holds for all large u. Consequently, in the light of Borell-TIS inequality (see e.g., [T]) 

-( 2 vAr-a)^ 

Ai(M)<Ce 2 ( 4 - 5 o) = o{ip{u)), u —>• oo, 

where a = E ^supj-j Yb{t, 9)J < oo. 

Further, we have 


(23) 


(24) 


A2(u) := 


< 


E ' 

n ^31 


sup Y^'^\t,9) > y/u, sup Y^'^\t,9) > ^/u 


i,(t,0)eAj xB„ 


(t,0)eAj,^ xSu 


sup (t, 0) > \/u j +: 

^(qe)GA„xBu / 


sup Y^'^\t,9) > ^/u 

\{t,6)G{AjUAj.^)xBu ) 


sup Y^'^ {t, 9) > ^/u 


y{t,e)eAj^ x-B„ 


Along the same lines of the proof above 

A 2 (u) 


lim sup ■ 

u—^oo ^{'^j 


_ _ 2l-k/2 

< 3"(a(e, L) - b{e, 


r(fc/ 2 ) 


OL’J E’ 


where a(e, L), b{e, L) —?► 1 as L —>■ 0 and e —>■ 0, which implies that 

lim hm lim sup — ^ = 0 . 

'^“>■0 L ->0 tt—>00 ^[ u ] 

Consequently, we see from (1^ . (1^ and (1^ that 

tt{u) 

lim lim lim lim inf —^— r^'HnJv, 

<p(u) “ r(A:/ 2 ) ^ 

which together with (I^Tl) establishes the proof. 

We present next two results which are crucial to the proof of Theorem 12.41 


(25) 


□ 


Lemma 4.1. Suppose that Vg{t) = S M, with 1 = bi = ■ ■ ■ = bk > bk+i >■■■> bn > 0, 

is a stationary chi-square process, where V),l < * < n, are independent copies of a stationary Gaussian 
process {V{t),t G M} with unit variance, and correlation function r(-) satisfying r(t) < 1 for all t ^ 0 and 
1 — r(t) ~ iF^(|t|) as t —^ 0, where K{-) is given as in Introduction. Then for any positive constants a, 6 G K 
satisfying a < b we have 

( n \ 

P sup 14 (t) > u ~ TLaib - a) ifiiu) 

Viela.b] / r(fc/2) 


as M —>■ 00 . 
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Proof. As in the proof of Theorem 12.11 we can choose to work with the supremum of a Gaussian random 
fields. The proof follows by similar arguments as those in [^, and thus we omit the details here. □ 

Lemma 4.2. fweak Slepian’s inequality^ Let Vi{t),Wi(t),t G A = [c,d] C M.,1 < i < n be independent 
centered Gaussian processes with a.s. continuous sample paths. If for all \ < i < n, 

E (l^^(t)) = E (Wf (t)) , t £ A and E (14(s)Pi(i)) > E (fLi(s)lPi(t)), s, t G A 


are satisfied, then, we have, for all u > 0, 

>uj < 2"P 

Proof. If n = 1, then a direct application of Slepian’s inequality yields 

P ( sup > M ) < 2P ( supVi(t) > ) < 2P ( suplTi(t) > < 2P (supVFf(t) > u 

\teA J \t£A ) \teA ) \teA 

Below we shall show the claim for n > 2. Let therefore X{t,v) = 'i’) & Ax Sn-i and 

Y{t,v) = X]r=i G A X Sn-i be the associated Gaussian random fields. Let Kj, 1 < j < 2" 

denote all the quadrants of K." and define Aj = Sn-i H Kj, 1 < j < 2". It follows that for any 1 < j < 2" 

E(^(A(t,u))'j =E(^(y(t,u))'^ , (Lu)gAx 

and 

E (^X{t, v)X{s, V )'j > E {t, v)Y(s, V {t, v), (s, u ) G A x Aj 

which is due to the fact that the sign of v is the same as that of v in this case. Thus, by applying Slepian’s 
inequality we obtain, for all u > 0, 


sup ^Wf(t) 


> u 


, teA 


FUnp^V^it) 

ytGA 


P I sup X{t,v) > U \ < 


sup Y it, v) > U 

.it,v)eAxAj ) 


hence the proof follows easily. □ 

Proof of Theorem 12.41 We present only the proof for the case (ii); the same arguments apply to other 
cases. First note that for any small d > 0 


Is,i{u) 


sup {xl{t) - gft)) > u 
.tG[i5,l-<5] / 


< P 


f sup (xlit) - g{t)) > u 
VtG(O.l) 


< Is,i{u) + IsAu) + IsAu)^ 


(26) 


where 


IsAu) 


sup {xlA) 

te(o,i5] 



Since from Theorem 12.II 


IsAA =■ P 


( sup {xl{t) - g{t)) > 
ytG[i-5.i) 



lim lim 

d'—>0 u^oo 


Is,i{u) 

Au) 




2l-fe/2 
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it is sufficient to show that 


lim sup lim sup ^ = lim sup lim sup ^ = 0. 

(5—>-0 n^oo (5—>-0 u^oQ ^('^) 


(27) 


We first consider Is, 2 {u). Without loss of generality, we choose d as a parameter taking values in {2 '"dg, w G 
N+j. It is straightforward that 

OO / 

Is,2{u) < XI - 9{t)) > u 


3=Nd,6 y^^j, 


( 0 ) 


< X IP ( sup xl{t) >u + g{sf}-^ , 

_ \fcA(0) / 


(28) 


3=Nd,s 


where Nd^s = with [•] the ceiling function. Further, it follows from condition B(0) that there exist 

some Ml > 1, di > 0 and di > 0 such that for all S £ (0, di), d G (0, di), j > Nd^s, 

l-r{t,s)<MiK^i\f{t)-f{s)\) < ^K^{{4Miy/^\f{t) - f{s)\), t, s G A® 


(29) 


hold. Next let r(-) be as in Lemma KT\ Then for some constant d 2 > 0 

l-r{t)>^K^{\t\), tG(0,d2). 

Therefore, for any d G (0,min(di, (4Mi)“^/“d2) and d G (0,di) 

E(A(t)A(s)) > E (F((4Mi)i/“/(t))y(((4Mi)i/“/(s))) 

holds for all t, s G and j > Nd, 5 , where V is the stationary Gaussian process given in Lemma l4T] 

Consequently, in the light of Lemma IT^ we have for d G (0, di), d G (0, min(di, (4Mi)“^/“d2) and j > Nd^s 


sup xl(t) >u + g{s% ,) < 2"P sup f{t)) >u + g{sf}, J 


1 teA 


( 0 ) 

J.d 


1 teA 


( 0 ) 


< 2"p(suplf(f)>u + 5(sf_X)) 

VteAd / 


holds, where Ad = [0, (4Mi)^/“d] and is the chi-square process given in Lemma |4.1l Next, by Lemma 
4.11 we derive for any d G (0,min(di, (4Mi)“^/“d2) and d G (0,di) 

sup V^{t) >u + g{sf}^ j) 

t6Ad 


i7„2i;X(4Mi)i/“d n (1 - + (30) 


T(fc/2) 


i=k+i d(u + 5(si-i.d) 

as It —>■ OO. Next, for any a G (0, 2) or a = 2, fc > 1, since * is a regularly varying function at infinity 

with index k/2 — 1 -|- l/a > 0, by Karamata’s theorem (see, e.g., [S^) we have 


< C 


q{u + g{sfli^d) 
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holds for all u > uq and all j > Nd^s, with some constant uq > 1. Moreover, we can write * = 

t^/2“i+i/“£(t) with £(t) a normalized slowly varying function (see e.g., [3]). One can check that , t > 

to is decreasing for some large to- Therefore, we conclude that for S and d small enough 

IsAu) ^ ^ 

hm // - ^ / . - - —® ^ 


ip{u) 




^ c E 


,-U-2)d 


fc/ 2-1 




g(/(t)) , 

-e 2 dt 


< C 


^UiS)+zd) , 


(31) 


e-^dt. 


JO qiait)) 

Consequently, letting <5 —>■ 0, we derive by C(0) that (l27ll holds for Is, 2 {u) when a G (0, 2) or a = 2, fc > 1. 
For Of = 2, fc = 1, we have from CQl) that 

{u + 


<7(M + g(s _i .) 


< Cl, 


u 


k/ 2 -l 


0 ) ^ q[u) 


> € 2 - 


Then, similar arguments as above show that still holds for Is, 2 {u) when a = 2 , fc = 1 . 




Below we consider Is,o{u). Let Y{t) = X{ f G [/(I — i5),/(l)). Then correlation function of it is given 

by ryit^s) = r(^(t),^(s)). It follows from D(l) that for any <5 small enough there exists some M 3 > 1 


such that 


which means that 


sup 


1 - r{t,s) 


*^.e(i-..i)CC2(|/(t)-/(s)|) 


< M 3 


1 - rvit, s) < MoK^t - s|) < -/C2((8M3)i/“|t - s|), s t G [/(I - <5), /(I)). 
Furthermore, with the aid of (l29l) we have for S small enough 

1 - rrit, s) < 1 - r(( 8 M 3 )i/“|t - s|), s t G [/(I - S), /(I)). 

Thus, similarly as the above case for Is^ 2 {u), it follows that 


IsAu) < 2 "P sup VA{ 8 M 3 A^t)>u 

Wlf{i-s)J(i)) ) 


< 2"P sup VAt) > u 

Vte[0.(/(1)-/(1-<5))(8M3)1/-] J 

‘^l — kj2 

< 2"+i(/(l) - /(I - 5))(8M3)1 /“Ho——^(m) 


(32) 


nm 

holds for S small enough and u large enough. Consequently, in light of /(I) < 00 we derive that (l27l) holds 
for Is, 3 {u). The proof is complete. □ 

Proof of Corollary 12.61 By direct calculation, we have 


s 1 — t 


t 1 — s 


(l + ^)(l + ^)-l 


1 - t' 


l-E{x{t)x{s))) 
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|1- 


-(1 + o(l)), s < t —>■ io G (0,1), 


2to(l — to) 

which, in the notation of ([5]), means that C{t) = ~ ^ a = 1. Further 

1 , t 


•'<'> = Lsa^* = 5'" T^- m = -m = oo. 


Thus, we have 


= / i-jd) = 


1 


= y Ud) = 


1 


j GNU {0},d > 0. 


°j,d i_^^2jd’ ^j,d j yj^J l_^g-2jd 

Next we verify conditions of Theorem 12.41 and Theorem 12.31 Let therefore in the following S G {0,1}. 
Elementary calculations yield that 

1 + c^(t) + 2vc{t) 


m = 


2t- 1 


l + c^{t) t(l — t)(l — ln(4t(l — t))) 

Since 1 —ln(4t(l —t)) > 1 and c(t) > 0 for t G (0,1), we have gl{t) < 0,t G (0,1/2) and gl{t) > 0,t G (1/2,1), 
implying that A(S') is satisfied since gv{t) t oo as t —>■ 0 and t —>• 1. Now, for any s <t and s,t G = 


[l+pja-, we have 


O/-/ ^ 1 1 i 

< - < 1 , - < - 

- t - ’ 2 - 1 - s 


< 1 , 


t — s 


< - 1 , 


t — s 
1 - t 


< - 1 . 


Thus, there exists do > 0 such that for s <tG ^_^_^ 2 (]-l)do ] 


\m - /(»)! 


ln(l + ^^) + ln(l + f^) 


t — S _|_ t — S 

s 1-t 


< 4—^ 

~ 1 ^ i-s I t-S \ 

2V s ^ 1-td 


and 


1 - r{s,t) 


> e 


„-d, 

— dg S ' 1—t ^ ^ 

t — S I t—S ^ — 2 


2(^ + H) 


Moreover, for all t G s G with I G N large enough. 


|r(s,t)| = 


s(l -t) 


< 2W - < < Cr^. 


V'st(l - t)(l - s) V t 

Similarly, we can also derive that for s < t G A^^]^ = 


g do X — r(s, t) 

< _ V. / . < 8, 


.(1) 


2 

and for all t G , s G A^{^; , with I G N large enough, 

|r(s, t)\ < Cl~^. 

Therefore, conditions B(S), E(S) are satisfied. Direct calculations show that 
c(t)^lnln-, 5 ^( 1 ) ~ Inin-, g-9v{t) 


(In In In i 
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as 1 0. Consequently, 




t{l — t) t In i(lnln 

as t —>■ 0. This implies that < oo if and only if z/ > 3/4. 

Consequently, the claim follows by an application of Theorem 12.41 and Theorem 12.31 This completes the 
proof. □ 

Proof of Corollary 12.71 As discussed in Introduction, the correlation of the fBm satisfies 

It - sP-^ 

1 - Corr(Sij(t), Bh{s)) = ' (1 + o(l)), s, t -t to £ (0,1], 

Ztr 


which means that 


C(t) = 


2t2^’ 


K\t)=r^, a = 2H. 


We only need to verify the conditions B(0) and E(0). It follows that 

fit) = 2-™ ln(2t), sfl = yi-jd) = 


1 1 1 

r -L _0 TTT -i W -L 


Without loss of generality, hereafter we assume that s < t. For any s, t G J G N we have —1, 

which implies that there exists do > 0 such that 

< 11 , 1(1 + 1^)1 

2s s s 

holds for all s,t G , j G N. Moreover, for s,t G , j G N with do small enough, 


(t» - (1 - (1)")’ 


|f-s| 


2H 


\t^\2H - 


< 2H^ 


t—s 


2-2H 


< 1 / 2 . 


Thus, we have, for all s,t G j G N with do small enough 

|t — sp^ 


j,do ’ 

I - r(s,t) 


< 


< 2^^^ < 2 


off 


2H 


\f{t) - /(s)P^ - t^s^l ln(I + ^^)|2ff - t« 


and 


In addition, 


A2H 


1 — 0 
l/W-/(s)P'^ - 2t«s«| ln(I + 


> 


\t- 


off 




^ 2 — 2//—1_ ^ 2 — 2//—— 2^^ (IqH ^ Q 


t« 


|r(s,t)| = 


|^2ff ^ ^2H _ 1^ _ g|2ff I |(|)2ff + !_(!_ |)2ff I ^ (|)2i/ ^ 4 ^. 


t^s" (f)" 


< 


(!)" 


< c 


-2^dHl 


+ e“2™’Ai-ff)i ] <ct-^ 


holds for t G Aj°]^, s G A^*^; / G N, with I sufficiently large and with do small enough. Consequently, both 

conditions B(0) and E(0) are satisfied, and thus the claim follows by applying Theorem 12.41 and Theorem 
[231 This completes the proof. □ 
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Proof of Theorem l3.ll The proof is similar to that of Theorem 12.II The main difference is the expansion 
of the correlation function of Yi{t,6) defined in dT51) . Here it is given by (compare with (fTOl) ') 

k 


Corr 0),yi(s,0 = 1 - j ( 71 ( 10 ) J^cos^ffj (to) sin^6>i cos^ 0^ i7^(|l - s|)(l + o(l)) 

V i=2 i=2 i=i+l j 

n I (6»,-6»J2 (i + o( 1))--(6»„-6»„)2(l + o(l)) 

i=2 \l=i+l ) 

as 1, s —>■ to, —>■ 0,2 < i < n. The rest of the proof is the same as that in the proof of Theorem 12.II 

This completes the proof. □ 

Proof of Theorem 13.21 The proof follows with the same arguments as those in the proof of Theorem l2.4l 


and thus being omitted here. 

Proof of Corollary 13.41 Denote for any s,t G (0, 1) 

ri(s,l) = Corr(H(l),H(s)),r 2 (s,l) = Corr(lT(l), lT(s)), r 3 (s, 1) = Corr(Hi/(l), H//(s)). 
In view of the proof of Corollary 12.61 and Corollary 12.71 we have (in the notation of Section 3) 


□ 


21 ( 1 - 1 )’ 21 ’ 22 ^ 12 ^’ 


K\t) = 1, 773 ( 1 ) = fc = 2 < 3 = n. 


Then, we have for H G (1/2,1) 
C*(t) = max 


1 1 1 
21 ( 1 - 1 )’ ^ 21(1 - 1 ) 


^ ,r(l) = iln * 


sJS =T*i-jd) = sS =T*Ud) = J 


+ e-2i‘^ 


2 1 - 1 ’ 

j gNU {0},(i > 0. 


Without loss of generality, we assume that s < 1. Since ^ — 1 and — 1 hold for s, 1 € 

or s, 1 G j G A, we have there exists some do > 0 such that 

t — s. t — S t — s> t — S 1^ 5 

)S2(rvo. 

hold for s, 1 G or s, 1 G j G N. This implies, for any s < 1 G Aj°]^ or any s < 1 G A^^j^ 


2(1- s) 


< 


4s(l — 1) 


1 - r2(s,l) _ _ 

\f*{t) ~ /*('S)I + i/s)| ln(l + + ln(l + Yzf)| + •\/s)(l — 1 + s) 


< 2 


and 


1 - r3(s,l) 


|1 — — 5-^)2 


< 


|1 — s 


\2H 


!/*(!)-r(s)l l"s"|ln(l + i^) + ln(l + f5f)| “ l^s^^| ln(l + i^) + ln(l + f5f)l 


^ 2|1 —^s(l — 1) ^ 2|1 — s|' 


< sup 2\l — x\^^ ^< 00 . 


t^s^{l — t + s) a;e(l/2,l] 

Thus, condition 3(5) with S' = 0,1 holds for r 2 (-, •), r 3 (-, •). Additionally, it has been shown in proof of 
Corollary 12.61 that condition B(S) with S = 0,1 holds for ri(-, •). Consequently, in the light of Theorem 13.21 
we derive that, as u —> 00 

H2(1) 1^2(1) H|(l) 


P sup 

V‘e(o.i) 


1(1 - 1 ) 1 


^2H 


-g{t) > u 
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(27r)-3/2M3/2e-“/2 [ dt [ dO. 

Jo J-TT 


r'^/2 


1 


J-./2 \2til-t) 

y3/2g-u/2 rl 2-t 


cos^( 02 ) cos^( 03 ) + ^ sin^( 02 ) cos^( 03 ) ] cos( 03 )e dOs 


3v^ Jo ^(1 - t) 

This completes the proof. 


9(t) . 

e 2 dt. 


□ 


5 Appendix 


This section is concerned with the proof of Theorem 12.31 We first present, in the following theorem, an 
asymptotic 0-1 behavior of the chi-square process which is complementary to the results for Gaussian 
processes discussed in [301 [311 [35]. Moreover, it can also be viewed as a generalization of the Kolmogorov- 
Dvoretsky-Erdos integral test theorem; see, e.g., page 163 in m or Theorem A in [20]. Recall that, for the 
Bessel process ||W„(t)|| := , t > 0 defined in Corollary 12.81 the Kolmogorov-Dvoretsky-Erdos 

integral test theorem tells that for any positive continuous ultimately increasing g{-) when t —>■ 0, 


^||W'n(t)|| < ultimately as t —>■ 0^ = 1 or 0 


holds according as 


^1 -I 

/ dt < oo or = oo. 

Jo t 


Theorem 5.1. Let {X{t),t £ E} be given as in Theorem \2.1\ with E = (0,1), and S £ {0,1}. Then, for 
any nonnegative continuous funetion g{t) satisfying A.(S), 


’ (x&(0 ^ ultimately as t —?► 5') = 1 


(33) 


holds provided that Ig{S) < oo, |/(<S')| = oo and condition 'B(S) is satisfied, or |/(iS')| < oo and condition 
B(S) is satisfied, and 


P ^ 9{t) ultimately as t ^ S) = 0 

holds provided that Ig{S) = oo and condition E{5) is satisfied. 


(34) 


Proof. The idea of the proof comes from [SOllSIlISS]. Without loss of generality, we present only the proof 
for the case S = 0. We prove first that (1551) holds if lg{0) < oo, /(O) = —oo and condition B(0) is satisfied. 
Let 

Ej,d = I sup xUt) > aisfli d) /• , j £ N,d > 0. 


(GA 


(0) 


Similarly to the derivation of (13111 . we have, for S,d small. 


oo oo ol_fe/2 

^ P(E,-,) < 2" ^ ^(ff(sf_\^,)) 


j=Nd,s 


3=Nd,5 

OO 


‘T{k/2y 

do) 


< C E 
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(gCf 


-1 


^ l-U-2)d 

< c V / -^— 

giaifit))) 

{g{t))^-\.m 


/.1/2 

<c icit)y/‘^ 

Jo 


g{git)) 


e ^ dt < oo 


holds when a G (0, 2) or a = 2, fc > 1, and 

oo .1/2 

p < Cl / (C(t))^/“e-^dt < oo 

i=Wd,s 

holds when a = 2, fc = 1. Thus, by Borel-Cantelli lemma 


(35) 


3jg : sup xl{t) < 5(Sj-i.d) for all j>jg\ = 1 


teA 


( 0 ) 


which implies (IMl) since g{t) f as i J, 0. Next we prove (IMl) under the conditions that /(O) > —oo and D(0) 
is satisfied. Let for any fixed small i5 > 0, = (5/n, n G N. Denote 

Hn,5 = < sup xl(t) > g(tn) \ ■ 

(te[t„+i,t„] J 

Similar arguments as in (15^ yield that, for Nq sufficiently large 


,Gr, 


Y^iHn,s) = XI 'f’ ®Op xU'f (t)) > g{tn) 

n=No n=No \*S[/(tn+i)./(tn)] / 

OO 

< C X if{tn)-f{tn+l))^{g{tu)) 

n=No 

< Ci{f{tNo) - f{0)) < OO 

holds. Thus, the proof of (1551) is again completed by Borel-Cantelli lemma. Finally, we show (1551) when 
lg{0) = oo and condition E(0) is satisfied. Note that 

P (xb(^) ^ gi'^) ultimately as t —O) 

<p[ sup Yk{t,v) < y/g{t) ultimately as t —> 0 ) (36) 

\veSk-i J 

= p[ sup Yki f < y g{ f {—t)) ultimately as t —oo ) , 

\vGSk-i J 

where Yk{t, v) = (^i '^) ^ (0; 1/2] x Sk-i, with Sk-i the (k — l)-dimensional unit sphere. By 

similar arguments as in Lemma 1.4 in |30| or Lemma 3.1 in |31j . one can for free assume that 




21nt < (?( / (—t)) < 31nt, tG(l,oo). 


(37) 


F],d = - Od + l qigisfl)), l = 0,l,---, 


gigi^j!!)) 


Gj,d = < 

1 

■ ; ^k—lhj^di i \ 

fc-i \ 

J * 

• , ik-i e Z 


[\ 

\ 

i=i ) 


J 


Denote 
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with hj^d = \jg{s^Pd)- Further, define 

Wj^d = I sup sup YkCli-t), v) < Jgis^°l) \ . 

tGFj,d 'f^^Gj,d^Sk — i J 

In view of (1551) . to prove (IMl) it is sufficient that 

i-o.) = l 

holds, with Iq as in condition E. It is noted that 

oo / / oo \ C30 N 

l-P{Wi^,d i.o. )= liinnP(IE.z„,d)+ lim P f) - H 


i—l 


(38) 


\i—l 


i—l 


It remains to show that both limits above are equal to 0. For the first limit to be zero it is sufficient to show 
that (j^iio d) = For any small rj > 0 denote = Sk-i H ([—??, x [0,1]). Clearly, 

> P ( sup sup Yk{y{-t),v) > ] . 

\teF„rf„GGj,dnS2_i / 

We have from condition E(0) that there exist some M 4 > 0, ^3 > 0 and ^2 > 0 such that for any <5 G (0, ^ 3 ), 
d G (0, ^ 2 ), 

1 - r{7 {-t),y {-s)) > MdK'^ilt - s|) > 2X2((4"iM4)^/“|t- s|), t, s G [{j - l)d,jd] 




holds for all j > Nd^s- Let ry^, (•, •, •, •) be the covariance function of yfe( / (—t), v). By using similar arguments 
as in the proof of Lemma 3.3 in |14j we have, for sufficiently small rj 

o fc-i 

1 - rY^{s,v,t,v') > 2 iF^(( 4 "iM 4 )i/“|t- s|) + ^ “ ^)d,jd],v,v' G 


holds for all j > and in the light of Slepain’s inequality 


sup 

t^Fj^d 


sup YkCl{-t),v) > >p( 


sup sup 

t€Fj^d v^Gj,dr\[-r},r}]^- 




where v = (ui,... ,Vk-i) € 


k-i 


Fa = p 9(5(4°])). ^ = o,i,---, 


'jA> 


9 ( 5 ( 4 °])) J 


G j^d — { (^1 cZ ; ; G—l^j,d} 1 1 G , 


and Z is a centered homogeneous Gaussian random field with a.s. continuous sample paths, variance 1 and 
correlation function such that 

k—l 

1 - Corr{Z{s, v), Z{t, v)) - iG^(|t - s|) + ^ X!(^* “ "^i)^ (^^) 

as |t — s| —>■ 0, |ui — u'l —>■ 0,1 < i < fc — 1. Let oq = (4“^Mi)^/“, and oi = 02 = • • • = ak-i = 1/2. Then, 
using the same arguments as in Lemma 2.1 in |31j and in Lemma 2.2 in |32j . we conclude that 

Pfsup _ sup Z((4-iMi)i/«t,5i) > 

\teFj,d i’eGj^dFi[-ri,ri]>=-^ 
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> 


{2r]f-^d 


(li9{s^°l)){‘2hj,d)'^-^ V^hj,d 


' 3,il> i,_-| 

" aoal 


- 2 ^ Y, l-$ (niaor/V2 + ai/2^n, 


V 


0<ni <oo,l<i<k 
n^O 


i=2 


=:C- 




2 d 


9{9{s^°l)) 

as j —^ c», where $(•) is the standard normal distribution function. Therefore, for any S, d small enough, 
^ P(W,^o4 > C ^ -e- ^d 


i=Nd,s 


i^d ,6 9(ff(s44)) 

1 ^ idCl_siXm 


> c — V 

2/p ^ 


TFT 


e 2 dt 


0 i=JVd,"'-(*+l)d qiidifit)))) 




f.S/2 


> C— / (C(/))1/' 


2/i 


0 Jo 


9(5W) 


e 2 dt = oo. 


Next, we prove 


^hn (p(nw^.o,j)-np(w^*^o.j))=o. 


(40) 


(41) 


i—l 


In view of Normal Comparison Lemma (see e.g., [22)1. we have for any m > I 

/ m \ m 


\i—l 

1 


i—l 


<— ^ E 

l<i<j<m (t,v)e(Fiig,dX(Giig,dnSk-i)) 4^ ~ ^1’'*^l) 


\rYk{t,vM,Vi)\ - 2 (1+°;. 0....,).°’)) _. . 

-c « —. ivi^Yn,. 


Note that (fT^ implies that for any 0 < e < 2 { 2 -p) <^1 “ min(/?, 1), there exist jo € N such that for any 

j > * > jo and large enough /o 


sup \rYk{t,v,ti,Vi))\ < sup |7’(/,ti)| < Mo|(j - i)^o| < 

{ti,vi)G{FjiQ^d X (Gjio,(in5fc_i)) 

With aid of ([57|) . fundamental calculation yields that for I > jo^ 

■^Lco ^ 


e. 


E io-)'»i"7:7:7lnFfV^.) 


Ms(4S,d»f 

S cf;(9(43))“'“e-SS E ii-r*(9(.S)) 

i=i+io 


2fe 9(4)’n,d)+9(^)°n,dj 

e 2(i+Moio-i)ior^) 


fe+4/c( 

e 2Cl + e) 


i—l 

oo 


< 


< 


< 


oo 

Cy](lni)''+'‘/“i"TTr ^ |j _ j|-/3 (in j)'=+4/^ 

oo oo 

^E*”^ E 


j 1+' 


i—l 


j=i-\-l 
2i 


00/22 00 \ 

cE*”^ E + E 

i=l \ j=i+l j=2i ) 
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Since 


and 


then 


2i 2i 

j=i+l j=i+l 

oo oo 

\j — i\~^j~T^ < y^ 

j=2i j=2i 


Ai,oo<Cy]i^ 1+2- < OO, Z>/o, 

i—l 

which implies that (1411) holds. This completes the proof. 

Proof of Theorem 12.31 An immediate application of Theorem 15.11 yields that 


□ 


P sup {xl{t) - g{t)) < oo = 1 

\t&e{S) J 

provided that \f{S)\ < oo or Ig{S) < oo. For the case Ig{S) = oo, without loss of generality, we focus on 
S = 0. For any such function g(-) satisfying lg{0) = oo, we can find a nonnegative continuous function gi{-) 
(to be determined later) such that ( 7 i(t) f oo as t —>■ 0 and lg+g^{0) = oo hold. Then, by Theorem 15.11 we 
have 


’ (Xb(^) ^ 9 {t) + gi{t) ultimately as t —>■ O) = 0, 


which implies that 


sup (xb(i)-3(t))=oo =1, 

,te(o,i/ 2 ] / 


(42) 


and the proof will be complete. 

Now we give one choice of the function gi{-). Define F{s) = jy^((g(^))i/Q (g(*))y e~^dt, and let F (n) = 


k 

9(s(d) 

inf{s £ (0,1/2] : F{s) = n},n £ N. Further, we construct a nondecreasing function w{-) such that w{t) = 

t-*F{n) _ t-*F{n-l) r£r. . _ . ... . . , 


^ [A(u), F(n - 1)),n > 2 and«;(t) = l,t £ [F(l),l/2]. Let 

k-1 

gi{t) = min(—2 lnri;(t), g(t)), t £ (0,1/2]. If a £ (0,2) or a = 2, fe > 1, then by the fact that is a 
regularly varying function at oo with index fc/2—l + l/a>0 , we have 


{git) + gi{t))^ 


— — 1 


>C- 


(43) 


digit) + gi{t)) digit)) 

for any t £ (0, ^(A^o)] when Nq is large enough. In light of B(0), one can easily check that (H5]) also holds 
for a + 2 and k = 1. Consequently, 


r'F(No) 


/o 9(9(0 +91 (()) “to 9(9(0) 


-1 


g{t) 

e~~^ wit)dt 




=c E L 

'V(n) digit)) 


igit))2 


j{t)dt > C y^ — = oo, 


n=No + l 

which completes the proof. 


n=NQ + l 


□ 
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